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Abstract: In this article, we study about the A-statistical convergence with respect to the density 
of moduli and find some results related to statistical convergence as well. Also we introduce the 
concept of f \-summable sequence and try to investigate some relation between the f,\ -summability 
and module A-statistical convergence. 


1 Introduction 


The idea of statistical convergence of real sequences is the extension of conver¬ 
gence of real sequences. Initially the statistical convergence for single sequences 
was introduced by East East IllSfl in 1951 and Schoenberg Il23l in 1959, studied 
statistical convergence as a summability method and listed some of elementary 
properties of statistical convergence as well. Both of these authors noted that if 
bounded sequence is statistically convergent, then it is Cesaro summable. More 
investigations have been studied in the direction of topological spaces, statistical 
Cauchy condition in uniform spaces, Eourier analysis, ergodic theory, number 
theory, measure theory, trigonometric series, turnpike theory and Banach spaces. 
Statistical convergence turned out to be one of the most active areas of research in 
summability theory after the works of Eridy Il25fl and Salat 11281 . Recently, Savas 
|[5| introduced the generalized double statistical convergence in locally solid Riesz 
spaces. Moreover, Mursaleen 1261 introduced the concept of A-statistically con¬ 
vergence by using the idea of (U, A)-summability to generalize the concept of 
statistical convergence. Eor more interesting investigations concerning statistical 
convergence one may consult the papers of Cakalli 1161 . Miller and Orhan 1T7| 


^The work of the first author was carried during her one month visit to Istanbul Ticaret 
University, Turkey, in November'2015 
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and (O, (U, mi, EZI, |28l, lUl, El, [?]) and others. 


The concept of density for sets of natural numbers with respect to the modulus 
function was introduced by A. Aizpuru et al [1] in 2014. They studied and charac¬ 
terized the generalization of this notion of /-density with statistical convergence 
and proved that ordinary convergence is equivalent to the module statistical con¬ 
vergence for every unbounded modulus function. Also, in [2], A. Aizpuru and 
his team, they worked on double sequence spaces for the results of /-statistical 
convergence by using unbounded modulus function. The concept was further 
generalized and characterized by Savas and Borgohain [[?], lH] . 

The notion of statistical convergence depends on the idea of asymtotic density 
of subsefs of the set N of natural numbers. A subset A of N is said to have natural 
density 6(A) if 


6(A) = \im-y\x Aik)- 

n—>oo7t • • 
k=l 

where Xa is the characteristic function of A. 

We mean a sequence (xj) fo be sfatisfically convergenf to L, if for any ^ > 0, 
6{{t G N : |xt - L| > ^)} = 0. Analogously, (xj) is said fo be statistically Cauchy if for 
each (^ > 0 and no G N there exists an integer q > no such that 6({f G N : ||xt - X(j|| < 

ei) = 1. 

Nakano |T9l introduced the notion of a modulus function whereas Ruckle 1291 
and Maddox [211 have introduced and discussed some properties of sequence 
spaces defined by using a modulus function. A modulus function is a function 
f : ^ which satisfies: 

1. /(x) = 0 if and only if x = 0. 

2. /(x + y) < fix) + f{y) for every x, y G R"^. 

3. / is increasing. 

4. / is continuous from the right at 0. 
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Later on modulus function have been discussed in ( IlIOllTOlimiT^ITH i and others. 

In this paper, we study the density on moduli with respect to the A-statistical 
convergence. We also investigate some results on the new concept of /A-sfafisfical 
convergence with the ordinary convergence. Also we find ouf some new con- 
cepfs on /A-summabilify theory and try to find ouf new resulfs relafed fo the 
/A-summable sequences and /A-statistical convergent sequence. 


2 Definitions and basic results 


By density of moduli of a sef A c IN, we mean 6f(A) = lim 
limit exists )where / is an unbounded modulus function. 


m(u)i) 

f(u) ' 


(in case this 


Let (xt) be a sequence in X (X is a normed space). If for each ^ > 0, 
A = {f G N : \\xt - L\\ > has /-densify zero, then it is said that the /-statistical 
limit of (xt) is L G X, and we wrife if as /-sflimXf = L. 


Observe that 6{A) = 1 - 6(N\A). 


Let us assume that A c N and A has /-density zero. For every u eN we have 
f{u) < f{\A{u)\) + /(|(N\A)(u)|) and so 

^ f{\A{u)\) /(|(N\A)(u)|) ^ /(|A(u)|) 
f{u) f{u) ~ f{u) 

By taking limits we deduce that /-density of (N\A) is one. 


Let A = (An) be a non-decreasing sequence of positive numbers such that, 


Ai = 1, A„+i < A„ -I- 1 and A„ — > cx) as n —> oo. 

Note: The collection of all such sequences A will be denoted by A. 


A sequence (xt) of real numbers is said fo be A-sfafisfically convergenf fo L if 
for any ^ > 0, 

lim ^|{f G I„ : \xt -L\> ^}| = 0, 

n->oo An 


3 






where I„ = [n - A„ + l,n] and \A\ denotes the cardinality of A c N (refer HQ). 


More investigations in this direction and more applications of ideals can be 
found in ||5l,|8l.|9l.|T5l where many important references can be found. 

We define -statistical convergence as: 


lim 

>oo 


/(|A(n)|) 


= 0 i.e. 6/^ (A) = lim 


f{\A{n)\) 


f{A„) “ ~ ' n^oo f(An) 

The set of all /a- statistically convergent sequences is denoted by 


A sequence x = (xt) is said to be strongly /A-summable to the limit L if 


lim 

n 


1 

7i^) 


tel„ 


= 0 


and we write it as Xt —> L[/a]. In this case, L is called the /a -limit of x. We denote 
the class of all /A-summable sequences as Wf^. 


3 Main Results 

Maddox ^2!2\ showed the existence of an unbounded modulus / for which there 
exists a positive constant c such that /(xy) > c/(x)/(y) for all x > 0, y > 0. 


Theorem 3.1. Let f be an unbounded modulus such that there is a positive constant 

f{u) 

c such that f{xy) > cf{x)f{y) for all x > 0,y > 0 and lim- > 0. A strongly 


u 


A-summable sequence (xt) is also a fjy-statistically convergent sequence. Moreover, for a 
bounded sequence (Xf), fA-statistically convergence implies strongly A-summability. 


Proof By the definition of modulus function, we have for any sequence x = (xt) 
and L > 0, 


t=l 


( n '< 

t=l . 

> /(|{f <n:|Xf-L|>^}|^) 

> c/(|{f<n:|x^-L|>^}|)/(5) 
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Since x = (xt) is strongly A-summable sequence, so 


1 ^ r. r. . cf{\{t<n:\xt-L\>mm 

- -i- 

cfiWt <n:\xt-L\> ^}|)/(^)/(A„) 

f (Afj) 


f{u) 

By using the fact that lim- > 0 and x is A-statistical w.r.t. /, it can be 

U—>oo U 

summarized that x is /A-statistcal convergent and this completes the proof of the 
theorem. □ 


Theorem 3.2. For a strongly A-summable or statistically fx-convergent sequence x = (Xf) 

to L, there is a convergent sequence y and a f;{-statistically null sequence z such that y is 

f{\{t 0}|) 


convergent to L, x = y + z and lim ^ 
then y and z both are bounded. 


f{K) 


= 0. Moreover, if x is bounded, 


Note: Here / be an unbounded modulus such that there is a positive constant c 

f(u) 

such that f{xy) > cf{x)f{y) for all x > 0, y > 0 and lim - -> 0. 

U—>oo ll 

Proof. From the previous theorem, we have x is strongly A-summable to L implies 
X is /A-statistically convergent to L. Choose a strictly increasing sequence of 
positive integers Mi < Mi < M3... such that. 


t & I„ . \Xf L| > ^ 


f{K) 

If No < f < Ni, let us set Zf = 0 and yt 


< -, for n > Nd, where No 

d 


Xf 


0 


Let d>l and N^ < f < N^+i, we set. 


_ j Xt, Zt =0 if Ixt - F| < 
]^L,Zt=Xt-L if|Xf-L|>i. 

Clearly, x = y -i- z and y and z are bounded, if x is bounded. 


Observe that |yt - L\ < £. for t > and \yt - L| = |xi - L| < ^ if \xt -L\ < j- 
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Which follows that \yt - L| = |L - L| = 0 if \xt - L\ > ^. 


Hence, for ^ arbitrary, we get lim i/f = L. 

Next, we observe that, f{\{t e I„ : Zt 0}|) > f{\{t e I„ : \zt\ > ^}|), for any natural 
number n and ^ > 0. Hence, 

/(|{f G7„:Zf ^0}|) ^ 

lim--= 0; 


/(An) 


that is z is /A-statistically null. 


We now show that if jS > Oandd G Nsuchthat^ < jS,then/(|{f el„ : Zt 0}|) < jS 
for all n > Nd- 


If Nrf < f < Nd+i, then Zt only if - L| > j. It follows that if Np < f < Np+i, 
then. 


{f G : Zf 0} c H G : |xt — L| > — 

I P. 


Consequently, 


1 

7i^) 


f{\{t eln-.Zt^ 0}|) < 



I f G 7„ : |xt — L| > 



1 1 

<-<-< 
p a 




if Np <n < Np+i and p > d. 


That is, lim 777 ^/(|{t e I„ : Zt 0}|) = 0. 

n f{An) 

This completes the proof of the theorem. 


□ 

Corollary 3.1. Let f, g he unbounded moduli, X a normed space, (xt) a sequence in X 
and X, y G X. We have 

1. A fA-statistical convergent sequence is also statistically convergent to the same 
limit. 
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2. The fA-statistical limit is unique whenever it exists. 

3. Let /A-stailimXf = x and /A-stailim yt = y, then, 

• f;y-statlim{xt ± yt) = x ± y 

• f;^-statlim axt = ax, a e R. 

4. If f-stlimxt = X and g-stlimXf = y then x = y, i.e two different methods of 
statistical convergence are always compatible. 


Theorem 3.3. Let (Xf) be a sequence in a normed space X. For an unbounded modulus 
f, (Xf) is fx-statistically convergent to x if and only if there exists T c N such that 
f^t-density ofT is zero and (Xf) has A-summable to x. 


Proof. Let us assume that = |f G N : ^ ||Xf - x|| > -|, for every z G N such 
that Vz c Vz+i and lim — = 0. 

fi^n) 

Also by induction , we obtain < - whenever n > f. 


Note: Here L < L < h... is a strictly increasing sequence of positive numbers 
such that 4 s Vz. 


Again set T = Uzg]N([4, 4+i) Li Vz). Then for every n > 4 there exists z G N such 
that iz < n < 4+i and if m G T(n) then m < 4+i/ which implies m e Vz. Therefore 
T{n) c Vz{n) and thus. 


f{\T{n)\) ^ fiWMl) ^ 1 
/(A„) - f{An) ~z 
which follows that T has /A-density zero. 


For 4 > 0 and z G IN such that ^ we have n G ]N\T and n > iz for which 
there exists q > z with i^ <n < f+i and this implies n ^ 1/^, so. 


fy\lx,-xi\<t<t<i;. 

AnL-f q Z 
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which shows that (xt) has A-summable to x. 


Conversely, let us assume that for T G IN, lim — ||Xf - x|| = 0 for n e I„ and T 

teN\T A„ 

has /A-density zero. For ^ > 0, there exists fo ^ N such that if f > fo arid t G ]N\r 
then 

iixf-xii < 

An V 

This implies, 

= 0 . 

□ 


and then 6f^ |f G IN : I \\xt-x\\ > 


Definition 3.1. The sequence (xt) is f?,-statistically Cauchy if for every ^ > 0 there exists 
Q G IN such that 6f^ |f G IN : I ||xt -XqII > ^|j = 0. 


Corollary 3.2. A sequence is f;{-statisticaUy convergent implies that it is fA-statistically 
Cauchy. The converge is true if the space is complete and this result is a particular case of 
filter convergence. 


Theorem 3.4. Tor the Banach space X where f he an unbounded modulus, fA-statistically 
Cauchy sequence is fx-statistically convergent sequence. 


Proof. For every k eN, let Xq^ be such that 



Consider the set Jk = n,<^B(xQ;, |), then for each G N we have diam(/;c) < | 
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and Rk = {t e : Xt € fk] so that Rk = U;<)t |f G N : ^ \\xt - XqJ| > which 


implies /^-density of Rk is zero. 


Following the proof of the previous theorem, we get for t > Vk then 

\,rk e Rk- 


mm) 

/(At) 


< 


Considering D = UkeNi[rk, ^k+i) H Rk), we get /A-density of D is zero. 


Since CikeNlk has exactly one element, say x, due to the completeness of X. We 

1 

have fo prove thaf lim — ||Xf - x|| =0. 

feN\D A„ 

For ^ > 0, let us choose i G IN such that f <5. Iff>c and t G ]N\D then there 
exists k > i such that Vk <t < Vk+i and then t ^ Rk, which implies Xt e }k and thus. 


1 II 2 2 


This completes the proof of the theorem. 


□ 


Corollary 3.3. A sequence which is fx-statistically convergent for each module f, is also 
convergent in ordinary sense, i.e. if B QN is infinite, then there exists an unbounded 
module f such that f^-density ofB is one. 


Theorem 3.5. Let (xt) be a sequence in X. If for every unbounded modulus f there exists 
/A-sflim Xt then all these limits are the same x e X and (xt) is also A-summable to x in the 
norm topology. 


Proof It is proved that for f, g two unbounded moduli, the /A-statistical limit is 
unique whenever it exists. 

Let X a normed space, {xt) a sequence in X and P, Q G X and if the uniqueness 
is false that lim Xt = P, there exists ^ > 0 such that 
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is infinite. 


B = 



-P\\>^ 


Now, by choosing an unbounded modulus / which will satisfy 6(B) = 1, then 
this clearly contradicts the assumption that /a-stlim Xt = x, which completes the 
proof of the Theorem. 

□ 

tl 

Theorem 3.6. If A e A with lim inf > 0 , then ^-statistically convergent 

n^oo f{A„) 

sequences are f-statistical convergent. 

Proof For given ^ > 0, we have. 


Therefore, 


{t <n:\xt-L\>^}D {t el„: \xt -L\> 


/(A„) 


f{\{t<n:\xt-L\>m > 


> 


fi^n) 

f{n) n 


f{\{teI„:\xt-L\>m 
1 


n /(An) f{n) 


fi\\teIn:\xt-L\>m 
fin) 


Taking the limit as n —> oo and using the fact that lim - - > 0, we get (xt) is 

n n 

/a- statistical convergent implies (xt) is /-statistical convergent. □ 


n 

Theorem 3.7. Let A e Abe such that lim 

/(An) 

f;^-statistical convergence. 


= 1. Then, f-statistical convergence is 


Proof. Let jS > 0 be given. Since lim 

n 

f(n-A„+i) ^ I £ ££ n >m. 

fin) 2 


n 


fi^n) 


= 1, we can choose m e. N such that. 


Now observe that. 
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+ 


fin) 


f{\{teIn:\x,-L\>m 


fin — An + 1 ) 1 

< ^ + -^/(l|fe/„:te-L|>ai) 

Taking limit as n —> oo, we get, (xt) is /-statistically convergent is /A-statistically 
convergent. □ 


all n G N„|,. 


Theorem 3.8. Let A = (A„) and /r = be two sequences in A such that An < for 

1. ^lim inf — > 0 then Sf^Q Sf^. 

n—>oo 

2. Jf lim ^ = 1 then Sf. c Sf. 

■' n^oo An 

Proof 1. Suppose that A„ < for all n G which implies thaf /(A„) < /(p„)- 
Given lim inf — > 0, then with the property of modulus function, we get 

n^oo 

/(An) 

lim inf —- > 0. Also, since A„ < p^ for all n G Nn„, so In c /„ where 

fiPn) 


In = [n - An + 1, n] and }n = [n - + 1, n]. 


Now, for L > 0, we can write. 


{teJ„:\xt-L\>L}^{teIn:\xt-L\>L} 


and so. 


M{t G Jn : - L| > 5}| > ^ A|{f G : |Xf - L| > 5}|, for all n G Nn„. 


All 


Now, by using the definition of modulus function and satisfying lim inf — >0 

n^oo p^ 

□ 


and also taking limit as n —> oo, we get - %• 
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Proof. 2. Let - limxt = x and lim — = 1. 
Since I„ c J„, for ^ > 0, we write. 


—\{te}„:\xt-L\>^}\ = ^\{n-^^ + l<k<n-An:\xt-L\>^}\ + —\{teI„:\xt 

Pn Pn Pn 

- A„ 1 

< - + —\{teI„:\xt-L\>^}\ 

Pn Pn 

- An 1 

< - + —\{teIn:\xt-L\>^}\ 

An Pn 

< - l) + ^\{t e In : - L| > 5}|, for all n e N„„. 

\An / An 


jj. 

Since lim -f- = 1 and using the definition of modulus function, we can say 

n^oo An 

that X = (Xf) is -statistically convergent is Sy;^-statistcially convergent sequence, 

□ 

Corollary 3.4. Let A = (A„) and /r = {y.f) he two sequences in A such that A„ < y.„for 
all n G N„(,. ^lim inf — > 0, then Wf^ c Wf^. 

n—>oo 

Theorem 3.9. Let A„ < y. for all n G Nn^, then, if lim inf — > 0, then a strongly 
Wf^-summable sequence is Sy-statistically convergent sequence. 

Proof. For any ^ > 0, we have. 


Y,f(\x,-L\) 

tejn 


> 

> 

> 

> 

> 


te}„,f{\xt-L\)>i te}„,f{\xt-L\)<i 

Y f(\x,-L\)+ Y 

teI„,f{\x,-L\)H teI„,f(\xt-L\)<i 

Y - dl) 

teI„,f{\x,-L\)U 


f 




teJ„,f{\xt-L\)>i 


f{\{teIn:\xt-L\>LU) 

cf{\{teIn:\xt-L\>m-m 


-L\>^}\ 
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and so 


-Y^f{\x,-L\) > ±f{\{teI„:\xt-L\>mm 

fcj 


tejn 

> e ‘«■■ 1^1 - ti £ mm) 

l^„ An 

Since lim inf — > 0 and by using the definition of modulus function, we get, 

n^oo 

(xt) is strongly /A-summable to L implies (xt) is statistically convergent to L. 


This completes the proof of the theorem. 


□ 
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